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Abstract We further extend the cosmological scenario with energy exchange by Barrow
and Clifton and our previous work to the more complex case with energy exchange be-
tween three fluids: radiation, matter and vacuum energy. By prescribing the form of energy
exchange function, we construct an infinitely cyclic cosmological model, in which the uni-
verse undergoes an endless sequence of cosmic epoch and each consisting of expansion and
contraction, and the cosmological parameters, such as the Hubble parameter H , decelera-
tion parameter q, transition red-shift ZT, and densities ρr, ρm, and ρ� are consistent with
the present observed values.
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1 Introduction

Continually growing evidence indicates that the universe is undergoing a phase of acceler-
ated expansion at the present epoch and the universe is spatially flat [5, 14, 15, 18, 23–25,
28]. This implies that there is sufficient component of dark energy with exotic negative
pressure in the universe and the present total energy density of the universe is just equal
to the critical density: ρ0 = ρc ≡ 3H 2

0 /8πG. Recalling that the cosmological constant was
employed as a kind of “cosmic repulsion” by Einstein to construct a quasi-static cosmolog-
ical model, as the most natural and simplest candidate of the dark energy, theorists again
think of the cosmological constant. However, this would suffer from both old and new cos-
mological constant problems [10, 36, 37]. In order to overcome these difficulties, various
versions of variable cosmological “constant”, or decaying vacuum energy, have been pro-
posed in succession. These versions can be roughly grouped into three types. In the first
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type, the authors specified respective vacuum decay law based on different argument, such
as � ∝ R [3], � ∝ H 2 [13, 19], � ∝ ρm [33], � ∝ ä/a [1, 2], and so on. Here � = �(t)

is the dynamical cosmological “constant”, R the Ricci tensor, H the Hubble parameter, ρm

the matter energy density and ä = d2a/dt2 the acceleration of the universe. In another type
the authors assumed that vacuum energy has been constantly decaying into cold dark matter,
hence the evolution of the energy density of the cold dark matter deviated from the standard
case by a positive small constant ε : ρm = ρm0a

−3+ε [4, 34]. The third type, which was pro-
posed by Barrow and Clifton, was a cosmological scenario with energy exchange [7, 11].
In a series of papers, Barrow, Clifton and other cooperators considered various forms of the
energy exchange function and found corresponding cosmological solutions [6, 7, 11, 12].
In our recent work [21], we extended the Barrow-Clifton’s scenario from the case of two
fluids to the case that universe containing radiation, matter and vacuum energy with energy
exchange between radiation and vacuum, as well as between matter and vacuum.

On the other hand, owing to no satisfactory explanation to be offered for the “beginning
of time” and the initial conditions of the universe, an endless cyclic model of universe is
desired by people all along. There are also a variety of scenarios [8, 9, 16, 20, 29–32]. The
old cyclic model has been observationally ruled out. A new cyclic scenario proposed by
Steinhardt and Turok [20, 29, 30, 32] and Boyle, Steinhardt and Turok [9] recently was
based on a scalar field ϕ with a particular potential V (ϕ). In fact, such a scalar field was just
some type of quintessence or phantom as a source of the dark energy. In their cosmological
scenario with energy exchange, Barrow and Clifton also gave a class of the cyclic models
[7, 11], however these models were quasi-cyclic and could not avoid the “beginning of time”
in principle actually.

Now that the scenario with energy exchange not only can explain the accelerating ex-
pansion of the universe without invoking a scalar field, but also is hopeful to solve the
cosmological constant problem, it is worth trying to construct a cyclic model of the universe
in this scenario. This is just the motivation of the present work.

2 A Brief Retrospection of the Energy Exchange Scenario

For the need of extension later, let us first briefly retrospect Barrow and Clifton’s work. For
the sake of convenience later, here we slightly change some symbols in the original text
without changing their meaning. Barrow and Clifton consider a spatially homogenous and
isotropic FRW universe containing two fluids with equations of state

p1 = (γ1 − 1)ρ1, p2 = (γ2 − 1)ρ2 (1)

and introduce the energy exchange function s by

ρ̇1 + 3Hγ1ρ1 = s, ρ̇2 + 3Hγ2ρ2 = −s (2)

In general, s could be any function of H,ρ1, ρ2, t and the cosmic scale factor a(t). The
expression (2) is also rewritten as the integral form

ρ1 = 1

a3γ1

∫
sa3γ1 dt, ρ2 = 1

a3γ2

∫
sa3γ2 dt (3)

After the form of the function s is prescribed, the dynamical evolution of the universe can
be found from (2) and the cosmic dynamical equation

H 2 = ρ1 + ρ2 − k

a2
(4)
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where k = +1,0,−1, corresponding to the case that the universe is spatially positive curved,
flat and negative curved, respectively. In [10], s was prescribed by

s = −αHρ1 + βHρ2 (5)

Other forms of s, such as sA = s0ρa−1, sB = s0a
−(1+3γ 1), sC = s0� and sD = s0 are also

considered [6, 7, 11, 12]. In our previous work [21], we extended Barrow-Clifton’s work
to the case of a universe containing three fluids, radiation, matter and vacuum energy, with
energy exchange between radiation and vacuum energy and between matter and vacuum
energy.

3 Further Extension to Three Fluids: An Ansatz for Prescription of si and Cyclic
Solution

Consider a spatially flat FRW universe containing three perfect fluids, radiation, matter and
vacuum energy. The equations of state are pi = (γi −1)ρi , i = 1,2,3, with γ1 = 4/3, γ2 = 1,
γ3 = 0. Extending (2) or (3), we have

ρ̇1 + 4Hρ1 = s1 (6a)

ρ̇2 + 3Hρ2 = s2 (6b)

ρ̇3 = −(s1 + s2) (6c)

or

ρ1 = 1

a4

∫
s1a

4dt (7a)

ρ2 = 1

a3

∫
s2a

3dt (7b)

ρ3 = −
∫

(s1 + s2)dt (7c)

In order to find an exact cyclic solution, an ansatz, which we call “semi-inverse problem
method”, is used to prescribe the form of s1 and s2 based on the following considerations:
(i) At least ρ3 can be conveniently calculated. (ii) A periodic term should be contained in
s1 and s2. (iii) Some duality between the forms of s1 and s2 should be expected. With these
demands and a certain conjecture, we assume that

s1 = ρc

H 2
0

[
α1HḢ − 1

4
Ḧ + 48(2 + α1 + α2)

1

t3
0

(∑n

i Aiωi sinωix∑n

i Ai cosωix

)3]
(8a)

s2 = ρc

H 2
0

[
α2HḢ − 1

3
Ḧ − 48(2 + α1 + α2)

1

t3
0

(∑n

i Aiωi sinωix∑n

i Ai cosωix

)3]
(8b)

where x = t/t0, while α1, α2,Ai and ωi are all constant, and α1 and α2 can be determined
from the cosmic dynamical equations and the observational values of the cosmological den-
sity of every component, �10 ≡ ρ10/ρc , �20 ≡ ρ20/ρc and �30 ≡ ρ30/ρc . Firstly, from (7c),
(8a) and (8b), it is easy to obtain

ρ3 = ρc

H 2
0

[
−1

2
(α1 + α2)H

2 + 7

12
Ḣ

]
(9)
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Then, combining the cosmic dynamical equations

H 2 = H 2
0

ρc

ρ (10)

ä

a
= −1

2

H 2
0

ρc

(ρ + 3p) (11)

with the equation of state 3p = ρ1 −3ρ3, using (9) and noting ä/a = Ḣ +H 2, we can obtain

ρ1 = ρc

H 2
0

[
−1

4
Ḣ − 3

2
(α1 + α2 + 2)H 2

]
(12)

ρ2 = ρc

H 2
0

[
−1

3
Ḣ + 2(α1 + α2 + 2)H 2

]
(13)

Substituting (12) and (13) back into (6a) and (6b), and then comparing with (8a) and (8b)
yield that

4α1 + 3α2 = −7 (14)

H = − 2

t0

∑n

i Aiωi sinωix∑n

i Ai cosωix
(15)

Integrating (15) we can find

a = a0

( n∑
i

Ai cosωix

)2

(16)

Applying (12) or (13) to the present epoch gives the relation

3(α1 + α2) = −1

4
(21 + 7�10 + 3�30) (17)

By combining (17) with (14) we can find

α1 = 1

4
(−7 + 7�10 + 3�30) (18a)

α2 = 1

3
(−7�10 − 3�30) (18b)

The cosmic observation shows that �10 ∼ 10−4, �20 ≈ 0.3 and �30 ≈ 0.7 [22, 26, 35].
Assume that �30 = 0.7 − β�10, then �20 = 0.3 + (β − 1)�10 and

α1 = 1

4
[−4.9 + (7 − 3β)�10] (19a)

α2 = 1

3
[−2.1 − (7 − 3β)�10] (19b)

Finally, we can merge (8a) and (8b) into the united form below
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si = ρc

H 2
0

{
1

3γi

[(2.1(3 − 4γi) − (7 − 6γi)(7 − 3β)�10)HḢ − Ḧ ]

− (7 − 6γi)[3.6 − 4(7 − 3β)�10] 1

t3
0

(∑
Aiωi sinωi∑
Ai cosωix

)3}
(i = 1,2) (20)

which obviously embodies the duality of s1 and s2.

4 A Special Solution Modeling the Real Universe

To what extent does the general solution (16) consist with our real universe? To answer this
question, it is useful to find a corresponding special solution by using the cosmic observa-
tional results. Setting n = 5 and ωi = 0.48πi, then the solution (16) can be rewritten as the
form

a = a0

( 5∑
i=1

Ai cos(0.48πix)

)2

(21)

The conditions a|x=0 = 0 and a|x=1 = a0 give that

5∑
i=1

Ai = 0 (22)

5∑
i=1

Ai cos(0.48πi) = 1 (23)

In consideration of that H−1
0 ≈ 1.3 × 1010 yr and the age of the ancient galaxy is about

1.5×1010 yr, we can safely assume H0t0 = 3/2. Thus, from H |x=1 = H0 we have

5∑
i=1

Ai0.48πi sin(0.48πi) + 3

4
= 0 (24)

From

ä

a
|x=1 = −1

2

H 2
0

ρc

(ρ0 + ρ10 − 3ρ30) ≈ −1

2
(1 − 2.1)H 2

0 ,

Fig. 1 The evolution of the scale
factor a(t) with the cosmic time t
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Fig. 2 The evolution of the
cosmic expansion acceleration
ä(t) with the cosmological
time t : (a) shows the cyclicity of
evolution, and (b) shows the
detail of the present epoch

(a)

(b)

it is can be obtained

5∑
i=1

Ai(0.48πi)2 cos(0.48πi) + 0.05625 = 0 (25)

The time at which the universe transforms from the decelerating phase to the accelerating
one is denoted by tT, correspondingly, tT/t0 = xT. Taking the transition red-shift ZT = 0.3
[17, 27], then

a|xT
a0

= 1
1+ZT

= 1
1.3 and ä|xT

= 0, which give

5∑
i=1

Ai cos(0.48πixT ) =
√

1

1.3
(26)

(
5∑

i=1

Ai0.48πi sin(0.48πixT )

)2

−
√

1

1.3

5∑
i=1

Ai(0.48πi)2 cos(0.48πixT ) = 0 (27)

To solve the algebraic equations system (22)–(27), we find a set of numerical solution:
A1 = 1.154514, A2 = −1.292050, A3 = 0.452172, A4 = −0.261380, A5 = −0.053256,
xT = 0.707231. With this result, the evolution of the cosmic scale factor a(t) and the ac-
celeration ä(t) as the cosmological time t can be easily obtained, which are illustrated in
Figs. 1 and 2.
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5 Summary

We extend the cosmological scenario with energy exchange proposed by Barrow and Clifton
from the case of two fluids to the case of three fluids. We use an ansatz to prescribe ex-
change function with periodic term and form-dual s1 and s2, and find an infinitely cyclic
general solution. By using the current values of some cosmological parameters, a special
solution which should suit to describe our universe is found. Thus, we construct a cosmo-
logical model, in which the contribution of vacuum energy to the gravitation is embodied
and an explanation of the accelerating expansion of the universe at the present epoch can
be obtain without invoking any scalar field. Moreover, in our model the universe is spatially
flat and undergoes an endless sequence of cosmic epoch each consisting of expansion and
contraction, hence the flatness puzzle and the horizon puzzle in standard model should not
exist in ours.
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